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Local thermal non-equilibrium (LTNE) may have profound effects on the pore pressure and thermal stres-
ses in ﬂuid saturated porous media under transient thermal loads. This work investigates the tempera-
ture, pore pressure, and thermal stress distributions in a porous medium subjected to convective
cooling/heating on its boundary. The LTNE thermo-poroelasticity equations are solved by means of
Laplace transform for two fundamental problems in petroleum engineering and nuclear waste storage
applications, i.e., an inﬁnite porous medium containing a cylindrical hole or a spherical cavity subjected
to symmetrical thermo-mechanical loads on the cavity boundary. Numerical examples are presented to
examine the effects of LTNE under convective cooling/heating conditions on the temperature, pore pres-
sure and thermal stresses around the cavities. The results show that the LTNE effects become more pro-
nounced when the convective heat transfer boundary conditions are employed. For the cylindrical hole
problem of a sandstone formation, the thermally induced pore pressure and the magnitude of thermal
stresses are signiﬁcantly higher than the corresponding values in the classical poroelasticity, which is
particularly true under convective cooling with moderate Biot numbers. For the spherical cavity problem
of a clay medium, the LTNE effect may become signiﬁcant depending on the boundary conditions
employed in the classical theory.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
It is well known that local thermal equilibrium is assumed in
the classical thermo-poroelasticity theory (for example, McTigue,
1986; Kurashige, 1989; Noda, 1990; Zhou et al., 1998a; Ghessemi
and Diek, 2002; Abousleiman and Ekbote, 2005; Roshan and
Rahman, 2011). When a ﬂuid saturated porous medium is sub-
jected to rapid heat ﬂuxes, the rate of heat transfer between the so-
lid and ﬂuid may not be fast enough for the two phases to achieve
local thermal equilibrium at the microscopic level. The solid and
ﬂuid phases will undergo different temperature variations which
induce additional pore pressure and thermal stresses in the porous
medium.
The conditions for local thermal equilibrium to prevail have
been examined in a number of investigations, for example, Nield
(1998), Minkowycz et al. (1999), Vadasz (2007) and Virto et al.
(2009). In general, local thermal equilibrium remains valid when
the interstitial heat transfer coefﬁcient between the solid and ﬂuid
is very large and the ratio of pore surface area to pore volume is
sufﬁciently high. These conditions may be described using thell rights reserved.Nield number Ni (Nield, 1998; Vadasz, 2007) or the Sparrow num-
ber Sp (Minkowycz et al., 1999). In general the classical heat trans-
fer theory with local thermal equilibrium can still be used when
the Sparrow number Sp is large, i.e., Sp 1, which corresponds
to large interstitial heat transfer coefﬁcients and high pore surface
area to pore volume ratios. For problems with small Sparrow num-
bers, local thermal equilibrium is no longer valid and local thermal
non-equilibrium heat transfer/poroelasticity theories should be
used to precisely evaluate the pore pressure and thermal stresses
in the porous media.
Thermal stresses related to local thermal non-equilibrium
(LTNE) have been addressed in a few studies. For example, Yang
(2005) and He and Yang (2009) investigated thermal stresses in
porous plates and columns using a theory of mixtures. Pecker
and Deresiewicz (1973) studied wave propagation in a porous
medium using a constitutive law with coupled thermal expansion
coefﬁcients between the solid and ﬂuid. Based on Biot’s poroelas-
ticity theory (Biot, 1941; Rice and Cleary, 1976; Detournay and
Cheng, 1993), He and Jin (2010) formulated a constitutive relation
for ﬂuid saturated porous media undergoing LTNE using a
weighted average temperature of the solid and ﬂuid. They subse-
quently obtained the solutions of temperature, pore pressure,
and thermal stresses around a spherical cavity in an inﬁnite porous
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theory of porous media generally assumes LTNE, i.e., the solid and
ﬂuid have different temperatures (Schreﬂer, 2002).
In the existing studies of LTNE thermo-poroelasticity problems,
the same boundary temperature was speciﬁed for both solid and
ﬂuid phases. The boundary temperatures for the solid and ﬂuid,
however, are generally different due to the difference in heat trans-
fer coefﬁcient at the boundary between the two phases. It is ex-
pected that the LTNE effects will become more pronounced when
the difference in the boundary temperature between the solid and
ﬂuid is taken into account. In this paper, we employ a convective
boundary condition for the solid (or ﬂuid) with a ﬁnite heat transfer
coefﬁcient and a prescribed temperature boundary condition for the
ﬂuid (or solid) to investigate the LTNE effects on the temperature,
pore pressure and thermal stresses. The thermo-poroelasticity solu-
tions for an inﬁnite medium with a cylindrical or a spherical cavity
are obtained using the LTNE thermo-poroelasticity equations pre-
sented by He and Jin (2010). The solutions of the problemsmay ﬁnd
applications in petroleum engineering and in evaluating the safety
of underground nuclear waste storage. The remainder of the paper
is organized as follows. Section 2 reviews the basic equations of
the LTNE poroelastic theory. In Section 3, the temperature, pore
pressure and thermal stress ﬁelds around a cylindrical hole in an
inﬁnitemediumare derived and the numerical results are presented
to illustrate the LTNE effects under convective cooling boundary
conditions. Section 4 obtains the solutions of temperature, pore
pressure and thermal stresses around a spherical cavity subjected
to convective heating. Finally, the conclusions are provided in Sec-
tion 5.2. Basic equations of local thermal non-equilibrium thermo-
poroelasticity
This section summarizes thebasic equationsof thermo-poroelas-
ticity for ﬂuid saturated porous media undergoing local thermal
non-equilibrium (LTNE). Under the LTNE conditions, the solid and
ﬂuid phases have different temperature variations which are gov-
erned by the following heat conduction equations (see Sections
2.2.2 and 6.5 in Nield and Bejan, 2006)
ð1 /0Þqscs
@hs
@t
¼ ð1 /0ÞkTsr2hs þ hintðhf  hsÞ ð1aÞ
/0qf cf
@hf
@t
¼ /0kTfr2hf  hintðhf  hsÞ ð1bÞ
where hs and hf are the solid and ﬂuid temperature variations,
respectively, t time, /0 the reference porosity, kTs and kTf the ther-
mal conductivities of the solid and ﬂuid, respectively, qs and qf
the densities for the solid and ﬂuid, respectively, cs and cf the spe-
ciﬁc heat for the solid and ﬂuid, respectively, hint the solid–ﬂuid
interface heat transfer coefﬁcient, and r2 the Laplacian operator.
Heat transfer by convection is neglected in this study.
The LTNE constitutive equations may be formulated using the
weighted average of the solid and ﬂuid temperatures as follows
(He and Jin, 2010)
rij ¼ 2Geij þ 2Gm1 2m ekkdij  apdij  Ka
0
shavedij ð2Þ
1 ¼ a
3K
rkk þ 3pB
 
 /0 af  a00s
 
have ð3Þ
where have is the weighted average temperature for the porous
medium
have ¼ ð1 /0Þhs þ /0hf ð4Þ
rij denotes stresses, eij strains, p the pore pressure, 1 the ﬂuid con-
tent variation, dij the Kronecker delta, G the shear modulus, m(drained) Poisson’s ratio, K the (drained) bulk modulus, a Biot–Wil-
lis coefﬁcient, B Skempton’s coefﬁcient, a0s the volumetric thermal
expansion coefﬁcient for the solid (drained porous medium), a00s
the second volumetric thermal expansion coefﬁcient for the solid
(solid matrix), and af the volumetric thermal expansion coefﬁcient
for the ﬂuid. The constitutive equations (2) and (3) are the same
as those of McTigue (1986) except that the temperature is a
weighted average one which bridges the LTNE heat transfer theory
and the classical thermo-poroelasticity. Eqs. (2)–(4) also reduce to
those of McTigue (1986) when local thermal equilibrium prevails
(hs = hf).
We propose to use the weighted average temperature to formu-
late the thermoporoelasticity Eqs. (2) and (3). This kind of quanti-
ties is standard in establishing effective constitutive relations and
effective properties in micromechanics of composite materials
(Christensen, 1979). Use of have is natural if the ﬂuid saturated por-
ous medium is treated as a composite. Eqs. (2) and (3) are only an
exploratory model aiming to modify the existing models using an
improved temperature quantity.
Using the equilibrium equations, strain–displacement relations,
the constitutive equations, and Darcy’s law, the governing equa-
tions for the displacements and pore pressure can be obtained as
follows (He and Jin, 2010, 2011)
Gr2ui þ G1 2muk;ki  ap;i  Ka
0
shave;i ¼ 0 ð5Þ
a
BK
ð1 BaÞ @p
@t
þ a @uk;k
@t
¼ k
l
p;kk þ aa0s þ /0 af  a00s
   @have
@t
ð6Þ
where ui are displacements, k is the intrinsic permeability and l is
the ﬂuid viscosity.
Eqs. (5) and (6) are coupled partial differential equations for the
displacements and pore pressure. The pore pressure and displace-
ments become uncoupled when the displacement ﬁeld is irrota-
tional in an inﬁnite medium, i.e., ui,j = uj,i. The governing equation
of the pore pressure can be obtained as (He and Jin, 2010)
@p
@t
¼ cr2pþ c0 @have
@t
ð7Þ
where
c ¼ k
lS
; c0 ¼ 1
S
2ð1 2mÞ
3ð1 mÞ aa
0
s þ /0 af  a00s
  	 ð8Þ
S ¼ a
BK
1 4gB
3
 
; g ¼ 1 2m
2ð1 mÞa ð9Þ
The equilibrium equation in terms of displacements/strains now
becomes
ekk ¼ akþ 2Gpþ
Ka0s
kþ 2G have ð10Þ
where k = 2Gm/(1  2m) is the Lamé constant.
In the next two sections, we employ the above LTNE heat con-
duction and thermo-poroelasticity equations to investigate the ef-
fects of LTNE on the temperature, pore pressure and thermal
stresses around a cylindrical hole or a spherical cavity in an inﬁnite
medium subject to convective cooling/heating.
3. A cylindrical hole in an inﬁnite porous medium
We consider a cylindrical hole in an inﬁnite porous medium as
shown in Fig. 1, where r is the radial coordinate and a is the radius
of the hole. The boundary of the hole is subjected to a sudden pres-
sure applied by a ﬂuid whose temperature is different from that of
the medium. This is a fundamental problem for drilling applica-
tions in petroleum engineering. We ﬁrst solve the LTNE heat con-
duction Eqs. (1) for the solid and ﬂuid temperatures as the usual
Porous 
medium
Borehole
a r
Fig. 1. A cylindrical hole in an inﬁnite ﬂuid saturated porous medium.
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stresses are subsequently obtained by solving the thermo-poro-
elasticity equations in Sections 3.2 and 3.3.
3.1. Temperature ﬁeld
In the existing investigations of LTNE thermo-poroelasticity
problems, the same boundary temperature was assumed for both
the solid and ﬂuid phases. A more realistic assumption for the pres-
ent borehole problem is to use a convective condition for the solid
and a prescribed temperature condition for the ﬂuid phase. The ini-
tial and boundary conditions for the temperatures can thus be for-
mulated as follows:
hsðr; tÞjt¼0 ¼ hf ðr; tÞjt¼0 ¼ 0; a 6 r <1 ð11Þ
 kTs @hsðr; tÞ
@r





r¼a
¼ hTsðha  hsÞjr¼a; hf ðr; tÞjr¼a ¼ ha; t > 0
hsðr; tÞjr!1 ¼ 0; hf ðr; tÞjr!1 ¼ 0; t > 0
ð12Þ
where ha is a constant (temperature of the drilling ﬂuid) and hTs is
the heat transfer coefﬁcient. Introducing the following parameters
js ¼ kTsqscs
; h ¼ hintð1 /0Þqscs
ð13Þ
b1 ¼
/0qf cf
ð1 /0Þqscs
; b2 ¼ /0kTfð1 /0ÞkTs
; b4s ¼ 1Bi ¼
kTs
ahTs
ð14Þ
the governing equations of the temperatures for the solid and ﬂuid
phases can be rewritten as
@hs
@t
 jsr2hs  hðhf  hsÞ ¼ 0 ð15aÞ
b1
@hf
@t
 b2jsr2hf þ hðhf  hsÞ ¼ 0 ð15bÞ
where the Laplacian operator for the cylindrical symmetric problem
is
r2ð Þ ¼ @
2ð Þ
@r2
þ 1
r
@ðÞ
@r
Clearly, js is the thermal diffusivity of the solid and b4s is the in-
verse of the Biot number Bi associated with the solid. Applying
the Laplace transform to Eqs. (15) and (12) and using the initial con-
ditions (11), we have the transformed equations and boundary con-
ditions as follows:
shs  jsr2hs  hðhf  hsÞ ¼ 0 ð16aÞ
b1shf  b2jsr2hf þ hðhf  hsÞ ¼ 0 ð16bÞ kTs @
hsðr; sÞ
@r





r¼a
¼ hTsðha  hsÞ



r¼a;
hf ðr; sÞjr¼a ¼ ha; t > 0
hsðr; sÞjr!1 ¼ 0; hf ðr; sÞjr!1 ¼ 0; t > 0
ð17Þ
where s is the Laplace transform variable and an overbar of a quan-
tity denotes its Laplace transform, i.e.,
hsðr; sÞ ¼
Z 1
0
hsðr; tÞestdt ð18Þ
The transformed temperatures of the solid and ﬂuid can be obtained
by solving the equations above as follows:
hsðr;sÞ¼ c1K0ðr
ﬃﬃﬃﬃﬃ
k1
p
Þþ c2K0ðr
ﬃﬃﬃﬃﬃ
k2
p
Þ ð19aÞ
hf ðr;sÞ¼ c1 1þ sjsk1h
 
K0ðr
ﬃﬃﬃﬃﬃ
k1
p
Þþc2 1þ sjsk2h
 
K0ðr
ﬃﬃﬃﬃﬃ
k2
p
Þ ð19bÞ
where K0( ) is the second kind modiﬁed Bessel function of order
zero, k1 and k2 are given by
jsk1;2 ¼ A1sþ A2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A3s2 þ A4sþ A22
q
ð20Þ
in which
A1 ¼ 12 1þ
b1
b2
 
; A2 ¼ h2 1þ
1
b2
 
; A3 ¼ 14
b1
b2
 1
 2
;
A4 ¼ h2
1
b2
 1
 
b1
b2
 1
 
ð21Þ
The constants c1 and c2 in Eqs. (19a) and (19b) are determined from
the transformed boundary conditions Eq. (17) as follows:
c1 ¼ has
1
c3K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ s jsk2  ab4sh
ﬃﬃﬃﬃﬃ
k2
p K1ða ﬃﬃﬃﬃﬃk2p Þ
K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ
 
c2 ¼  has
1
c3K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ s jsk1  ab4sh
ﬃﬃﬃﬃﬃ
k1
p K1ða ﬃﬃﬃﬃﬃk1p Þ
K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ
  ð22Þ
where K1( ) is the second kind modiﬁed Bessel function of order one
and c3 is given by
c3 ¼ jsðk1  k2Þ þ ab4s
ﬃﬃﬃﬃﬃ
k1
p K1ða ﬃﬃﬃﬃﬃk1p Þ
K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ ðhþ s jsk2Þ
 ab4s
ﬃﬃﬃﬃﬃ
k2
p K1ða ﬃﬃﬃﬃﬃk2p Þ
K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ ðhþ s jsk1Þ ð23Þ
Substituting Eq. (22) into Eqs. (19a) and (19b) gives the following
transformed temperatures of solid and ﬂuid
hsðr; sÞ ¼ hasc3 s jsk2  ab4sh
ﬃﬃﬃﬃﬃ
k2
p K1ða ﬃﬃﬃﬃﬃk2p Þ
K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ
 	
K0ðr
ﬃﬃﬃﬃﬃ
k1
p Þ
K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ
 ha
sc3
s jsk1  ab4sh
ﬃﬃﬃﬃﬃ
k1
p K1ða ﬃﬃﬃﬃﬃk1p Þ
K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ
 	
K0ðr
ﬃﬃﬃﬃﬃ
k2
p Þ
K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ ð24aÞ
hf ðr;sÞ¼ hasc3 sjsk2ab4sh
ﬃﬃﬃﬃﬃ
k2
p K1ða ﬃﬃﬃﬃﬃk2p Þ
K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ
 	
1þ sjsk1
h
 
K0ðr
ﬃﬃﬃﬃﬃﬃﬃ
k1Þ
p
K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ
 ha
sc3
sjsk1ab4sh
ﬃﬃﬃﬃﬃ
k1
p K1ða ﬃﬃﬃﬃﬃk1p Þ
K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ
 	
1þ sjsk2
h
 
K0ðr
ﬃﬃﬃﬃﬃ
k2
p Þ
K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ
ð24bÞ
In the classical local thermal equilibrium heat transfer theory,
the solid and ﬂuid temperatures are the same, i.e., hs = hf = h. The
corresponding initial and boundary conditions of the heat conduc-
tion problem are
hðr; tÞjt¼0 ¼ 0; a 6 r <1 ð25Þ
 kTm @hðr; tÞ
@r





r¼a
¼ hTmðha  hÞjr¼a; hðr; tÞjr!1 ¼ 0; t > 0 ð26Þ
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transfer coefﬁcient for the porous medium. The transformed classi-
cal temperature can be obtained as follows:
hðr; sÞ ¼ ha
s K0 a
ﬃﬃ
s
j
p þ ab5 ﬃﬃsjp K1 a ﬃﬃsjp  K0 r
ﬃﬃﬃ
s
j
r 
ð27Þ
where j is the thermal diffusivity of the porous medium and b5 is a
constant given by
b5 ¼ kTmahTm ð28Þ
We note that b5 is the inverse of the Biot number associated with
the heat transfer between the porous medium and the ﬂuid in the
borehole (drilling ﬂuid for petroleum engineering applications).
3.2. Pore pressure
The pore pressure is decoupled from the displacement ﬁeld and
can be obtained by solving Eq. (7) as the displacement in the axi-
symmetric borehole problem is irrotational. The initial and bound-
ary conditions for pore pressure diffusion are
pðr; tÞjt¼0 ¼ 0; a 6 r <1 ð29Þ
pðr; tÞjr¼a ¼ paHðtÞ; t > 0
pðr; tÞjr!1 ! 0; t > 0
ð30Þ
where pa is the ﬂuid pressure applied on the boundary.
The Laplace transform of the basic equation (7) can be written
as
sp ¼ cr2pþ sc0have ð31Þ
The transformed pore pressure can be obtained by solving the equa-
tion above and using the boundary conditions Eq. (30) and the
transformed temperature ﬁelds Eq. (24) as follows:
pðr; sÞ ¼ pa
s
þ c
0m1ðsÞ
ðck1  sÞ þ
c0m2ðsÞ
ðck2  sÞ
 
K0ðr
ﬃﬃﬃﬃﬃﬃﬃ
s=c
p Þ
K0ða
ﬃﬃﬃﬃﬃﬃﬃ
s=c
p Þ
 c
0m1ðsÞ
ðck1  sÞ 
K0ðr
ﬃﬃﬃﬃﬃ
k1
p Þ
K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ 
c0m2ðsÞ
ðck2  sÞ
K0ðr
ﬃﬃﬃﬃﬃ
k2
p Þ
K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ ð32Þ
where
m1ðsÞ ¼ hac3 s jsk2  ab4sh
ﬃﬃﬃﬃﬃ
k2
p K1ða ﬃﬃﬃﬃﬃk2p Þ
K0ða
ﬃﬃﬃﬃﬃ
k2
p Þ
 
hþ /0ðs jsk1Þ
h
 
m2ðsÞ ¼  hac3 s jsk1  ab4sh
ﬃﬃﬃﬃﬃ
k1
p K1ða ﬃﬃﬃﬃﬃk1p Þ
K0ða
ﬃﬃﬃﬃﬃ
k1
p Þ
 
hþ /0ðs jsk2Þ
h
 
For the classical local thermal equilibrium case, the transformed
pore pressure is given by
pðlteÞðr;sÞ¼ paþ
c0haj
ðcjÞ 1þab5
ﬃﬃﬃﬃﬃﬃﬃﬃ
s=j
p K1ða ﬃﬃﬃﬃﬃs=jp Þ
K0ða
ﬃﬃﬃﬃﬃ
s=j
p
Þ
 
8>><
>>:
9>>=
>>;
1
s
K0ðr
ﬃﬃﬃﬃﬃﬃﬃ
s=c
p Þ
K0ða
ﬃﬃﬃﬃﬃﬃﬃ
s=c
p Þ
c0haj
ðcjÞ 1þab5
ﬃﬃﬃﬃﬃﬃﬃﬃ
s=j
p K1ða ﬃﬃﬃﬃﬃs=jp Þ
K0ða
ﬃﬃﬃﬃﬃ
s=j
p
Þ
 1
s
K0ðr
ﬃﬃﬃﬃﬃﬃﬃﬃ
s=j
p Þ
K0ða
ﬃﬃﬃﬃﬃﬃﬃﬃ
s=j
p Þ ð33Þ3.3. Thermal stresses
The basic equation governing the displacement for the axisym-
metric problem can be obtained from Eq. (10) and the strain–dis-
placement relations as follows:
ðkþ 2GÞ @u
@r
þ u
r
 
¼ apþ Ka0shave ð34Þwhere u is the radial displacement. The boundary conditions for the
stress ﬁeld are
rrðr; tÞjr¼a ¼ pa
rrðr; tÞjr!1 ! 0
ð35Þ
Once the temperature and pore pressure are obtained in the time
domain, the displacement and stresses can be calculated from the
following expressions
uðr;tÞ¼ 1
2G
a2
r
paþ
1
kþ2G
1
r
a
Z r
a
xpðx;tÞdxþKa0s
Z r
a
xhaveðx;tÞdx
 
ð36aÞ
rrðr; tÞ¼a
2
r2
pa
2G
kþ2G
1
r2
a
Z r
a
xpðx;tÞdxþKa0s
Z r
a
xhaveðx;tÞdx
 
ð36bÞ
rhðr;tÞ¼ 2Gkþ2G apðr;tÞþKa
0
shaveðr;tÞ
 þ2Guðr; tÞ
r
ð36cÞ
where p(r, t) and have(r, t) can be obtained by numerical inversion
of the Laplace transformed temperature and pore pressure given
in Eqs. (24) and (32), respectively. This study is mainly concerned
with thermally induced pore pressure and stresses which can be
obtained from Eqs. (32) and (36) by taking pa = 0.
3.4. Numerical results
Eqs. (24) and (32) give the temperature and pore pressure
ﬁelds in the Laplace transformed domain. The temperatures and
pore pressure in the time domain are obtained using a numerical
inversion technique proposed by Durbin (1974) as the analytical
inversions are not feasible. Denote by F(s) the Laplace transform
of f(t). The inverse Laplace transform may be obtained using the
following Durbin formula
f ðtÞ ¼ e
st
T
1
2
Re½FðsÞþ
XN
n¼1
Re F sþnpi
T
  
cos
npt
T
 Im F sþnpi
T
  
sin
npt
T
 	( )
ð37Þ
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. In general, accurate and convergent results can be
obtained when the parameter T⁄ is selected such that T⁄ > t/2 and
5 6 2sT⁄ 6 10.
In the numerical examples, a material representative of sand-
stone rock (material B) is considered. Table 1 lists the thermal
properties of the solid and ﬂuid phases and Table 2 lists the poro-
elastic parameters for the ﬂuid saturated porous medium in the
numerical study. Following McTigue (1986), the two volumetric
thermal expansion coefﬁcients for the solid are assumed the
same, i.e., a00s ¼ a0s. The thermal conductivity, mass density and
speciﬁc heat of the porous medium are determined from the
micromechanical consideration and a rule of mixtures as de-
scribed in He and Jin (2010). The radius of the cylindrical hole
is taken as a = 0.1 m. In all calculations, we assume that b4s = b5
in Eqs. (14) and (28), i.e., the Biot number associated with the
porous medium in the classical thermo-poroelasticity is assumed
to be the same as that associated with the solid. Moreover, the
nondimensional solid–ﬂuid interface heat transfer coefﬁcient is
taken as ~h ¼ 1:0, where ~h is given by
~h ¼ a
2hint
ð1 /0Þb3kTs
ð38Þ
in which
b3 ¼ 1
ð1/0Þ2þ/0ð1/0Þ cfcsþ
qf
qs
 
þ/20
qf cf
qscs
1þ /0ðkTf kTsÞ
kTsþðkTf kTsÞð1/0Þ=3
 
ð39Þ
3.4.1. Temperature ﬁelds
Fig. 2a shows the weighted average temperature (normalized
by ha) of the LTNE theory along the radial direction at a nondimen-
Table 1
Thermal parameters for the solid and ﬂuid phases.
Solid (material A) Solid (material B) Fluid
Thermal conductivity
[W/(m K)]
kTs = 3.3 kTs = 2.4 kTf = 0.6
Density [kg/m3] qs = 2600 qs = 2600 qf = 1000
Speciﬁc heat [J/(kg K)] cs = 937 cs = 920 cf = 4200
Coefﬁcient of thermal
expansion
(volumetric) [1/C]
a0s ¼ 3:0 105 a0s ¼ 3:3 105 af = 3.0  10
4
Table 2
Poroelastic parameters for the ﬂuid-saturated porous media.
Material A
(clay)
Material B
(sandstone)
Reference porosity /0 = 0.375 /0 = 0.2
Shear modulus [MPa] G = 1.2 G = 6800
Poisson’s ratio (drained) m = 0.2 m = 0.18
Bulk modulus (drained) [MPa] K = 1.6 K = 8400
Biot–Willis coefﬁcient a = 1.0 a = 0.74
Skempton’s coefﬁcient B = 1.0 B = 0.5
Intrinsic permeability [m2] k = 5.0  1017 k = 2.0  1016
Diffusivity coefﬁcient [m2/s] c = 1.6  107 c = 1.4  103
Pore pressure–temperature coupling
coefﬁcient [Pa/C]
c0 = 3.72  102 c0 = 4.6465  105
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Biot number Bi is taken as 1.0. The corresponding normalized tem-
peratures for the solid and ﬂuid, as well as that in the classical heat
transfer theory are also included. The normalized solid tempera-
ture is lower than the ﬂuid temperature when r/a is less than
1.36. This is because at the hole boundary the pore ﬂuid immedi-
ately attains the prescribed boundary temperature but the solid
temperature increases gradually due to convection. The solid tem-
perature eventually becomes higher at larger distances because its
thermal diffusivity is much larger than that of the ﬂuid and hence
the temperature increases faster. It is seen that the weighted aver-
age temperature of LTNE is always higher than that of the classical
theory for this particular application.
Fig. 2b shows the normalized temperatures along the radial
direction at the same nondimensional time of ~t ¼ 0:1. Now the Biot
number is taken as 10.0. Compared with the temperatures for
Bi = 1.0 in Fig. 2a, the differences between the weighted average
temperature of LTNE and the classical one become smaller. Also,Fig. 2a. Normalized temperature distributions along the radial direction around a
cylindrical hole (Bi = 1.0).the ﬂuid temperature is higher than the solid temperature in a
smaller region near the hole boundary (r/a < 1.12). Finally, both
the weighted average temperature of LTNE and the classical one
at the hole boundary become closer to the normalized, prescribed
temperature of 1.0. We note that when the Biot number ap-
proaches inﬁnity (corresponding to an inﬁnite heat transfer coefﬁ-
cient at the boundary), all temperatures at the boundary approach
the prescribed temperature ha.3.4.2. Thermally induced pore pressure
Fig. 3a shows the normalized, thermally induced LTNE and clas-
sical pore pressures (normalized by c0ha  105) along the radial
direction at a nondimensional time of ~t ¼ jt=a2 ¼ 0:1 for a Biot
number of Bi = 1.0. The thermally induced pore pressure ﬁrst in-
creases with increasing r/a, reaches a peak value, and then de-
creases with further increases in the distance from the hole
boundary. The LTNE peak pore pressure is signiﬁcantly higher than
that of the classical theory. For example, the peak LTNE pore pres-
sure is about 15.0 which is approximately 2.0 times the classical
peak pressure. Fig. 3b shows the normalized, thermally induced
LTNE and classical pore pressures along the radial direction at
the same nondimensional time but the Biot number is increased
to Bi = 10.0. The pore pressures exhibit similar behavior to that
for Bi = 1.0 observed in Fig. 3a. The normalized peak LTNE pressure,
however, increases to about 36 which is more than twice the peak
pressure for Bi = 1.0. Again, the peak LTNE pore pressure is signiﬁ-
cantly higher than the classical one.3.4.3. Thermal stresses
Fig. 4a shows the normalized, thermally induced LTNE and clas-
sical radial stresses (normalized by c0ha  102) along the radial
direction at a nondimensional time of ~t ¼ jt=a2 ¼ 0:1 for a Biot
number of Bi = 1.0. The magnitude of the normalized radial stress
initially increases with increasing r/a, reaches a peak value, and
then decreases with further increasing distance from the hole.
The magnitude of the LTNE peak radial stress is dramatically higher
than that of the classical solution. For example, the magnitude of
the peak LTNE stress is about 3.4 which is approximately 2.0 times
the classical peak value. Fig. 4b shows the thermally induced LTNE
and classical radial stresses along the radial direction at the same
nondimensional time but for a larger Biot number of Bi = 10.0.
The radial stresses exhibit similar behavior to that observed in
Fig. 4a. The difference between the peak LTNE stress and the clas-
sical one becomes smaller compared with the result for Bi = 1.0.Fig. 2b. Normalized temperature distributions along the radial direction around a
cylindrical hole (Bi = 10.0).
Fig. 3b. Normalized thermally induced pore pressure distributions along the radial
direction around a cylindrical hole (Bi = 10.0).
Fig. 4a. Normalized thermally induced radial stresses along the radial direction
around a cylindrical hole (Bi = 1.0).
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classical one.
Fig. 5a shows the normalized, thermally induced LTNE and clas-
sical tangential stresses (normalized by c0ha  102) along the ra-
dial direction at a nondimensional time of ~t ¼ 0:1 for a Biot
number of Bi = 1.0. The magnitude of the tangential stress mono-
tonically decreases with increasing distance from the hole when
r/a < 1.5. The tangential stresses are compressive near the hole
boundary and become tensile when r/a > 1.5. The maximum mag-
nitude of the LTNE stress is about 21 which signiﬁcantly exceeds
the corresponding classical stress of about 11.5. Fig. 5b shows
the thermally induced LTNE and classical tangential stresses along
the radial direction at the same nondimensional time but for a lar-
ger Biot number of Bi = 10.0. Now the difference between the peak
LTNE stress and the classical one becomes smaller compared with
the result for Bi = 1.0.
The numerical results above show that the LTNE effects can sub-
stantially increase the thermally induced pore pressure and stres-
ses, particularly under boundary conditions with moderate Biot
numbers. When a porous medium is subjected to rapid heating or
cooling, the solid and ﬂuid initially undergo different temperature
variations due to the difference in thermal diffusivity between the
solid and ﬂuid, and the ﬁnite heat transfer coefﬁcient between
the two phases at the microscopic level. The differential tempera-
ture variations are further exacerbated by the difference in the heat
transfer coefﬁcient at the boundary between the solid and ﬂuid. As
a result, the effective temperature ﬁeld at the macroscopic level in
the porous medium deviates from that in the classical local thermal
equilibrium theory in which the temperatures of the solid and ﬂuid
are assumed to be the same. The differences in the temperature and
its (temporal and spatial) gradients induce additional pore pressure
and thermal stresses which become signiﬁcant when the Sparrow
number is not very large. In the present numerical study, the equiv-
alent Sparrow number in terms of ~h has an order of ~hb3 which is
0.5409 for the rock (material B) indicating signiﬁcant LTNE effects.
We note that the effective stresses are approximately the same as
the corresponding stresses because the pore pressure is three or-
ders of magnitude smaller than the stresses.
4. A spherical cavity in an inﬁnite porous medium
Nextwe consider a spherical cavity in an inﬁnite porousmedium
as shown in Fig. 6, where r is the radial coordinate and a is the ra-
dius of the cavity. The boundary of the cavity is assumed to be
impermeable and ﬁxed. This is a fundamental problem for nuclear
waste disposal applications inwhichmetal canisters containing nu-
clear waste are placed in a deep geologic vault (Zhou et al., 1998b).Fig. 3a. Normalized thermally induced pore pressure distributions along the radial
direction around a cylindrical hole (Bi = 1.0).
Fig. 4b. Normalized thermally induced radial stresses along the radial direction
around a cylindrical hole (Bi = 10.0).4.1. Temperature ﬁeld
He and Jin (2011) considered this problem using the same
boundary temperature for both solid and ﬂuid phases, which is
Fig. 5a. Normalized thermally induced tangential stresses along the radial direction
around a cylindrical hole (Bi = 1.0).
Fig. 5b. Normalized thermally induced tangential stresses along the radial direc-
tion around a cylindrical hole (Bi = 10.0).
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Fig. 6. Spherical cavity in an inﬁnite ﬂuid saturated porous medium.
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et al., 1998b). For nuclear waste storage applications, however, a
convective condition for the ﬂuid and a prescribed temperature
condition for the solid phase may be more appropriate if we as-
sume the canisters and the surrounding geological material are
in perfect contact. The initial and boundary conditions for the tem-
peratures can thus be formulated as follows:
hsðr; tÞjt¼0 ¼ hf ðr; tÞjt¼0 ¼ 0; a 6 r <1 ð40Þ
hsðr; tÞjr¼a ¼ ha;kTf
@hf ðr; tÞ
@r





r¼a
¼ hTf ðha  hf Þjr¼a; t > 0
hsðr; tÞjr!1 ¼ 0; hf ðr; tÞjr!1 ¼ 0; t > 0
ð41Þ
where ha is a constant (temperature of the nuclear waste source)
and hTf is the heat transfer coefﬁcient. Here the temperature decay
of the nuclear waste is not considered because the LTNE effects are
most signiﬁcant at relatively short times.
By using the Laplace transform, we can obtain the following
transformed temperatures for the solid and ﬂuid
hsðr;sÞ¼ c41r e
r
ﬃﬃﬃ
k1
p
þc51r e
r
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k2
p
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where k1 and k2 are given in Eqs. (20) and (21), and c4 and c5 are gi-
ven byc4 ¼ has
aea
ﬃﬃﬃ
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c6
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in which b4f and c6 are given by
b4f ¼ kTfahTf ð44Þ
c6 ¼jsðk1k2Þb4f ð1þa
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Substituting Eq. (43) into Eqs. (42a, b) gives the following trans-
formed temperatures of solid and ﬂuid
hsðr; sÞ ¼ hasc6 s jsk2 þ b4f ð1þ a
ﬃﬃﬃﬃﬃ
k2
p
Þðhþ s jsk2Þ
h i a
r
eðraÞ
ﬃﬃﬃ
k1
p
 ha
sc6
s jsk1 þ b4f ð1þ a
ﬃﬃﬃﬃﬃ
k1
p
Þðhþ s jsk1Þ
h i a
r
eðraÞ
ﬃﬃﬃ
k2
p
ð46aÞ
hf ðr;sÞ¼ hasc6 sjsk2þb4f ð1þa
ﬃﬃﬃﬃﬃ
k2
p
Þðhþ sjsk2Þ
h i
1þ sjsk1
h
 
a
r
eðraÞ
ﬃﬃﬃ
k1
p
 ha
sc6
sjsk1þb4f ð1þa
ﬃﬃﬃﬃﬃ
k1
p
Þðhþ sjsk1Þ
h i
1þ sjsk2
h
 
a
r
eðraÞ
ﬃﬃﬃ
k2
p
ð46bÞ
For the classical local thermal equilibrium case (hs = hf = h),
either a prescribed temperature or a convective boundary condi-
tion (for consideration of heat transfer between the pore ﬂuid
and solid canister) may be used. The transformed classical temper-
ature under the convective boundary condition (CBC) can be ob-
tained as follows:
hðr; sÞ ¼ ha
s 1þ b5 1þ a
ﬃﬃ
s
j
p   a
r
eðraÞ
ﬃﬃﬃﬃﬃ
s=j
p
ð47aÞ
where j is the thermal diffusivity of the porous medium and b5 is a
constant given in Eq. (28) and is the inverse of the Biot number
associated with the convective heat transfer between the solid can-
ister and the surrounding ﬂuid saturated porous medium. The clas-
sical temperature under the prescribed temperature boundary
condition (PTBC) is given by
hðr; tÞ ¼ ha ar erfc
r  a
2
ﬃﬃﬃﬃﬃ
jt
p
 
ð47bÞ
where erfc( ) is the complementary error function.
4.2. Pore pressure
For nuclear waste storage applications, the wall of the cavity
can be assumed to be impermeable, i.e., no ﬂuid ﬂow occurs be-
tween the waste storage vault and the surrounding medium (Zhou
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diffusion are thus given by
pðr; tÞjt¼0 ¼ 0; a 6 r <1 ð48Þ
@pðr; tÞ
@r
jr¼a ¼ 0; t > 0
pðr; tÞjr!1 ! 0; t > 0
ð49Þ
Using the Laplace transform, the transformed pore pressure can
be obtained by solving Eq. (31) and using the boundary conditions
Eqs. (48) and (49), and the transformed temperature ﬁelds Eq. (46)
as follows:
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m3ðsÞ ¼ hac6 s jsk2 þ b4f ð1þ a
ﬃﬃﬃﬃﬃ
k2
p Þðhþ s jsk2Þ
  hþ/0ðsjsk1Þ
h
n o
m4ðsÞ ¼  hac6 s jsk1 þ b4f ð1þ a
ﬃﬃﬃﬃﬃ
k1
p Þðhþ s jsk1Þ
  hþ/0ðsjsk2Þ
h
n o
For the classical local thermal equilibrium case, the transformed
pore pressure under the convective boundary condition can be ob-
tained as follows
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ð51aÞThe classical transformed pore pressure under the prescribed tem-
perature boundary condition is given by
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ð51bÞ4.3. Thermal stresses
For the spherically symmetric problem, the basic equation gov-
erning the radial displacement can be obtained from Eq. (10) and
the strain–displacement relations as follows:
ðkþ 2GÞ @u
@r
þ 2u
r
 
¼ apþ Ka0shave ð52Þwhere u is the radial displacement. The initial and boundary condi-
tions for the displacement and stress ﬁelds are
rrðr; tÞjt¼0 ¼ uðr; tÞjt¼0 ¼ 0; a 6 r <1 ð53Þ
uðr; tÞjr¼a ¼ 0; t > 0
rrðr; tÞjr!1 ! 0; t > 0
ð54Þ
Here we assume perfect contact between the waste canisters and
the surrounding material.Once the temperature and pore pressure are obtained in the
time domain, the displacement and stresses can be calculated from
the following expressions
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where p(r, t) and have(r, t) can be obtained by numerical inversion of
the Laplace transformed temperature and pore pressure given in
Eqs. (46) and (50), respectively.
4.4. Numerical results
In the numerical examples, a material representative of clay
(material A) is considered. This material was investigated by Zhou
et al. (1998a,b) in nuclear waste storage applications. The thermal
properties of the solid and ﬂuid phases are listed in Table 1 (from
Zhou et al., 1998b) and the poroelastic parameters for the ﬂuid sat-
urated porous medium are listed in Table 2. In all calculations, we
assume that b4f = b5 in Eqs. (44) and (28), i.e., the Biot number asso-
ciated with the porous medium in the classical thermo-poroelas-
ticity is assumed to be the same as that associated with the pore
ﬂuid in the LTNE theory. Moreover, the nondimensional solid–ﬂuid
interface heat transfer coefﬁcient is also taken as ~h ¼ 1:0 as for the
cylindrical hole problem. Hence, the Sparrow number is now
0.3553 for the clay also indicating signiﬁcant LTNE effects. Only
the results for a nondimensional time of ~t ¼ jt=a2 ¼ 0:1 (the actual
time t = 51,952 s) are presented as the responses are similar at
other short times at which the LTNE effects are signiﬁcant. Finally,
the radius of the cavity is taken as a = 0.5 m.
Figs. 7a and 7b show the weighted average temperature (nor-
malized by ha) of the LTNE theory along the radial direction. The
Biot number Bi is taken as 1.0. and 10.0, respectively. The corre-
sponding normalized temperatures for the solid and ﬂuid, as well
as those in the classical heat transfer theory under both prescribed
temperature (PTBC) and convective boundary conditions (CBC) are
also included. The normalized solid temperature is always higher
than the ﬂuid temperature as the solid temperature at the hole
boundary immediately attains the prescribed boundary tempera-
ture (perfect contact between the canister and clay) but the pore
ﬂuid temperature increases gradually due to convection. Moreover,
the thermal diffusivity of the solid is much larger than that of the
ﬂuid, which also contributes to higher solid temperature in the
medium. The weighted temperature of LTNE is always higher than
that of the classical theory under the convective boundary condi-
tion at a given radial position although the difference between
the weighted average temperature of LTNE and the classical one
becomes smaller for the larger Biot number shown in Fig. 7b. Com-
pared with the classical temperature under prescribed tempera-
ture boundary conditions, the LTNE temperature is lower near
the cavity boundary (because the LTNE temperature is lower at
the boundary by convective heat transfer) but becomes higher at
radial distances of r/a > 1.5 (because the thermal diffusivity of
the solid is higher than that of the porous medium and therefore
thermal diffusion in the solid is faster). The temperature responses
for the spherical cavity problem differ from those for the cylindri-
cal hole problem in Section 3 wherein the convective boundary
conditions apply to the solid phase of the porous medium.
Figs. 8a and 8b show the normalized, thermally induced LTNE
pore pressure (normalized by c0ha  102) along the radial direc-
tion. The classical pore pressures under both convective and pre-
scribed temperature boundary conditions are also given. The
Fig. 7b. Normalized temperature distributions along the radial direction around a
spherical cavity (Bi = 10.0).
Fig. 8a. Normalized thermally induced pore pressure distributions along the radial
direction around a spherical cavity (Bi = 1.0).
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increasing distance from the cavity boundary. For a Biot number
of Bi = 1.0, the maximum normalized LTNE pore pressure of 42
now occurs at the cavity boundary and is about 3.5 times the value
of the classical theory using the convective boundary condition as
shown in Fig. 8a. The peak LTNE pore pressure, however, is smaller
than the classical one under the prescribed temperature boundary
conditions. We note that in the prescribed temperature boundary
condition the heat transfer coefﬁcient at the boundary is assumed
to be inﬁnity, which leads to signiﬁcantly higher pore pressure and
stresses. For a Biot number of Bi = 10.0 shown in Fig. 8b, the differ-
ences between the maximum LTNE and classical pore pressures be-
come smaller but still remain signiﬁcantly large. We note that the
pore pressure response for the clay is different from that for the
sandstone in Section 3. This is because there is a four orders of
magnitude difference in pore pressure diffusivity coefﬁcient c be-
tween the two materials as shown in Table 2.
Figs. 9a and 9b show the normalized, thermally induced LTNE
and classical radial stresses (normalized by c0ha  102) along the
radial direction. The magnitude of the normalized radial stress ini-
tially increases with increasing r/a, reaches a peak value, and then
decreases with further increasing distance from the hole. The mag-
nitude of the LTNE peak radial stress is dramatically higher than
that of the classical solution under the convective boundary condi-
tions but is smaller than the classical one under the prescribed
temperature boundary conditions. For example, the magnitude of
the peak LTNE stress is about 13.6 which is approximately 3.8
times the classical peak value for a Biot number of Bi = 1.0
(Fig. 9a). It is noted that although the nondimensional pore pres-
sure for the clay is higher than that for the sandstone in Section
3, the pore pressure for the clay is actually much lower because
the value of c0 used for normalization for the clay is three orders
of magnitude smaller than that of the sandstone as shown in Table
2.
Figs. 10a and 10b show the normalized, thermally induced LTNE
and classical tangential stresses (normalized by c0ha  102) along
the radial direction. Near the cavity boundary, the magnitude of
the tangential stress monotonically decreases with increasing dis-
tance from the hole. The tangential stresses are compressive near
the cavity boundary and become tensile at larger distances from
the cavity. The magnitude of the compressive stress, however, is
much larger than the tensile one. For Bi = 1.0 (Fig. 10a), the maxi-
mum magnitude of the LTNE stress is about 38 which signiﬁcantly
exceeds the corresponding classical stress of about 11 under the
convective boundary conditions.Fig. 7a. Normalized temperature distributions along the radial direction around a
spherical cavity (Bi = 1.0).
Fig. 8b. Normalized thermally induced pore pressure distributions along the radial
direction around a spherical cavity (Bi = 10.0).Figs. 11a and 11b show the normalized, thermally induced
effective LTNE and classical radial and tangential stresses
(normalized by c0ha  102) along the radial direction, respectively,
for a Biot number of Bi = 1. The effective stresses are deﬁned as
Fig. 9a. Normalized thermally induced radial stresses along the radial direction
around a spherical cavity (Bi = 1.0).
Fig. 9b. Normalized thermally induced radial stresses along the radial direction
around a spherical cavity (Bi = 10.0).
Fig. 10a. Normalized thermally induced tangential stresses along the radial
direction around a spherical cavity (Bi = 1.0).
Fig. 10b. Normalized thermally induced tangential stresses along the radial
direction around a spherical cavity (Bi = 10.0).
Fig. 11a. Normalized thermally induced, effective radial stresses along the radial
direction around a spherical cavity (Bi = 1.0).
Fig. 11b. Normalized thermally induced, effective tangential stresses along the
radial direction around a spherical cavity (Bi = 1.0).
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It can be seen from Fig. 11a that the effective radial stresses are ten-
sile near the cavity boundary with the peaks occurring at the hole
boundary. The peak LTNE effective stress is higher than the classical
758 L.-W. He et al. / International Journal of Solids and Structures 49 (2012) 748–758one under the same convective boundary condition but smaller
than the classical stress under the prescribed temperature bound-
ary condition. Fig. 11b shows that the effective tangential stresses
are all tensile with the peaks occurring near the hole boundary.
Again, the LTNE peak is higher than the classical one if the same
convective boundary condition is used.
5. Concluding remarks
In this paper, we employ the LTNE thermo-poroelasticity equa-
tions (He and Jin, 2010) to investigate the temperatures, pore pres-
sure and thermal stresses in a ﬂuid saturated porous medium
subjected to convective cooling/heating boundary conditions. The
temperatures, porepressure and thermal stresses areobtainedusing
the Laplace transformmethod for a cylindrical as well as a spherical
cavity in an inﬁnite porous solid. Numerical results show that the
LTNE effects becomemore pronouncedwhen the convective bound-
ary conditions are employed. The peak thermally induced pore pres-
sure and themagnitude of thermal stressesmay reach several times
the corresponding peak values in the classical poroelasticity. This is
particularly true under convective boundary conditions with mod-
erate Biot numbers and can not be observed when the prescribed
temperature boundary conditions are employed.
In general, the LTNE theories should be used to evaluate ther-
mally induced pore pressure and stresses in a ﬂuid-saturated por-
ous medium subjected to convective cooling/heating boundary
conditions when the Sparrow number is not very large. The Spar-
row number proposed by Minkowycz et al. (1999) is given by
Sp ¼ /0hL
2DAp
keDVp
where h is the solid/ﬂuid interface heat transfer coefﬁcient, L is a
characteristic length parameter, ke is the effective thermal conduc-
tivity of the porous medium, /0 is the porosity, andDVp andDAp are
the mean volume and surface area of the pores, respectively. Con-
sider a porous medium with spherical pores of radius 10 lm, a
porosity of 0.2, and an effective thermal conductivity of 3 W/
(mK). The Sparrow number now becomes
Sp ¼ 2hL2  104
which is large in most geomechanical applications. For problems
involving fracture initiation at a micro-crack tip, Sp may become
small and LTNE effects could become quite signiﬁcant (for example,
Sp is on the order of 2 for a crack length of L = 1000 lm and an inter-
face heat transfer coefﬁcient of h = 100 W/(m2 K)). While this work
does not consider crack initiation, the solutions obtained are needed
in calculating the stress intensity factors at the crack tips.
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